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Abstract

A space-filling curve is a way of mapping the two-dimensional space into one-dimensional.

Because of data arrangement in the database being in one-dimensional form, using an appropriate SFC

may improve the query efficiency.

There are a lot of SFCs in the literatures. Each SFC has its advantages and disadvantages. An

evaluation index of a comprehensive study on some typical SFCs has shown that Cantor’s SFC has the

best proximity. This study focuses on the encoding algorithm and analysis of Cantor’s SFC.

An evaluation index has been made on Cantor’s SFC, namely “average sum of eight nearest

neighbors distance”. The index is concluded as a linear function. The argument is the size of domain (c

in short) while c is up to 4096. Both the coefficients are solved by means of regression analysis.

As for the time complexity of algorithms for Cantor’s SFC, it is obviously depends on the

designing scheme. Results show that the complexities of the short-cut approach is O (1) while the

stepwise approach is O (c?) .

Keywords: space-filling curve, algorithm, complexity.
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Algorithm Cantor_ XY _to_N (x, y, ¢, N) ; {short-cut approach} ...........Alg. 1
Input :

X,y - location of a given node
¢ : size of domain (c*c)

Qutput : N : the serial number of the specific node

begin
k « x +y -1 {the node is located at the k-th diagonal from the origin}
if k > ¢ then {the node is located at the upper triangular part}
X < ¢ — x + 1 {redefine the nodes's location in a new coord. system}
y «< ¢ -y +1 {in terms of the origin being as at the upper right cell}
k « x +y -1 {the k-th diagonal counted from the upper right}

qtyl < k* (k-1) div 2 {quantity of nodes in the upper right of the k-th diagonal}
nodes « ¢ * ¢ {quantity of nodes in the domain}

if odd (k) then

N « nodes — qtyl - x {done}
else

N « nodes - qtyl -y {done}
else {the node is located at the main diagonal or at the lower triangular part}

qtyl «— k* (k-1) div 2 {quantity of nodes in the lower left of the k-th diagonal}
if odd (k) then

N « qty2 + x -1 {done}
else

N « qty2 + y -1 {done}

end;
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Algorithm Cantor_XY_to_N (x, y, ¢, N) ; {stepwise approach} ................. Alg. 2
Input :
X,y : location of a given node
¢ : size of domain (c*c)
Output :
N : the serial number of the specific node
begin
N « 0 {N 1is initialized as 0}
i «— 1 ;) « 1 {the node's location is initialized as (1,1) }

X move <« .true. {a Boolean variable which controls the moving direction}

Dia _move <« .false. {the moving direction is horizontally initialized}

.true.

Dia_up «

{while Dia_ move,

it controls upward or downward}

while (i x) or (j # y) do

if Dia_move then

Algorithm Move Along _Dia
else {diagonal
if X move then

Algorithm Move_Along_X
else

Algorithm Move Along_Y

end;

{stop going if N

{the moving direction is

{compute

moving is superior
{move to the next
{compute the
{move to

{compute

the node's

node's

the node's

is found}
along diagonal}

location}

than horizontal moving}

node horizontally}

location}

the next node vertically}

location}
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Algorithm Move_ Along_X (x, y, ¢, i, j, X _move, Dia move) ; Alg. 3
Input :
X, 9, ¢, 1, j, N, X_move, Dia_move
Output :
X, Y, 1,j, N, X_move, Dia_move
begin
if (i+1) > ¢ then {the current node is on the right edge}
Algorithm Move_Along_Y {so the moving is vertically turned}
else {the horizontal moving is legal}
i« i + 1 {define the new node's location}
N « N + 1 {keep going}
if (i = x) and (j = y) then stop {done. (x, y) =N}
else
X move <« .false. {horizontal moving is changed vertically next time}

Dia_move <« .true.
return

end;

{the moving direction is turned to be diagonal}

Algorithm Move_Along_Y (x, v,

¢, i, j, N, X move, Dia _move) ; Alg. 4

Input : X, Y, C, 1, j, N, X_move, Dia_move
Output: x,v,1,j, N, X _move, Dia_move
begin
if (j = ¢) then {the current node is on the upper edge}
Algorithm Move Along_ X {so the moving is horizontally turned}
else {the vertical moving is legal}
j o« + 1 {define the new node's location}
N « N + 1 {keep going}
if (i = x) and (j = y) then stop {done. (x, y) =N}
else
X _move <« .true. {vertical moving is changed horizontally next time}

Dia _move <« .true.
return

end;

{the moving direction is turned to be diagonal}




19

Algorithm Move_Along_Dia (x, v, ¢, 1, j, Dia_up, Dia_move, X_move) ;

Input: x,y,c,1,j, Dia up, Dia_move, X _move
Output: x,y,1,j, Dia up, Dia move, X move
begin

if Dia_up then

{the moving direction

is

along diagonal upward}

if (i = 1) or (j = ¢) then {the current node is on the boundary}
Dia up « .false. {diagonal moving is changed downward next time}
Dia _move <« .false. {the moving direction is turned to be horizontal}
if (j = c) then {the current node is on the upper edge}
Algorithm Move_Along_X {so the moving is horizontally turned}
else {the current node is on the left edge}
Algorithm Move_Along_Y {so the moving is vertically turned}
else {the upward diagonal moving is legal}
i« 1 -1 {define the new node's location}
je—j+1
N « N + 1 {keep going}
if (i = x) and (j = y) then stop {done. (x, y) =N}
else {the moving direction is along diagonal downward}
if (j =1) or (i = ¢) then {the current node is on the boundary}
Dia _up <« .true. {diagonal moving is changed upward next time}
Dia_move <« .false. {the moving direction is turned to be horizontal}
if (j = 1) then {the current node is on the lower edge}
Algorithm Move_Along_X {so the moving is horizontally turned}
else {the current node is on the right edge}
Algorithm Move_ Along_Y {so the moving is vertically turned}
else {the downward diagonal moving is legal}
i« i -1 {define the new node's location}
je—j+1
N « N + 1 {keep going}
if (i = x) and (j = y) then stop {done. (x,y) =N}
return

end;
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Algorithm Cantor_N_to_XY (N, ¢, x, y) ; {short-cut approach} ................ Alg. 6
Input :
N : the serial number of a specific node
¢ ! size of domain (c*c)
Output :
y : location of the given node
begin
qty_lower trian. « c¢* (c+1) div 2 {quantity of nodes in the lower triangular part}
if N < qty lower trian. then { the node is located at lower triangular part}
k « floor (\/m) {the node is located at the k-1 or k-th diagonal from the origin}
if N = k* (k+1) div 2 then k « k + 1 {the k-th diagonal is conformed}
qtyl «— k* (k-1) div 2 {quantity of nodes in the lower left of the k-th diagonal}
if odd (k) then
y «—k—-N+qtyl
x « k —y + 1 {done}
else

x «— k—-N+qtyl

y « k - x + 1 {done}
else {the node is located at upper triangular part}
N ¢ *c-1-N { in terms of the origin being as at the upper right cell}

k « floor (m) {the node is located at the k-1 or k-th diagonal from the origin}
if N = k* (k+1) div 2 then k < k + 1 {the k-th diagonal is conformed}
qty2 <« k* (k-1) div 2 {quantity of nodes in the upper right of the k-th diagonal}
if odd (k) then

X «—c— N+ qty2

y <« 2¢ - k - x + 1 {done}
else

y «—c—N+qty2

X «< 2¢ — k -y + 1 {done}

end;
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Algorithm Cantor_N_to_XY (N, ¢, x, y) ; {stepwise approach} ................. Alg. 7
Input :
N : the serial number of a specific node

c : size of domain (c*c)

Output :
X,y : location of the given node
begin

i «— 0 {working variable for N}
X «— 1 {the node's location initialized as (1,1) }

y 1
X _move <« .true. {a Boolean variable which controls the moving direction}
Dia move <« .false. {the moving direction is horizontally initialized}
Dia _up <« .true. {while Dia move, it controls upward or downward}
while 1 # N do {stop going if i = N}
if Dia_move then {the moving direction is along diagonal}
Algorithm Move_Along_Dia {compute the node's location}
else {diagonal moving is superior than horizontal moving}
if X move then {move to the next node horizontally}
Algorithm Move Along_ X {compute the node's location}
else {move to the next node vertically}
Algorithm Move_Along_Y {compute the node's location}

end;
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Algorithm Move_ _Along_ X (x, y, ¢, i, j, X _move, Dia move) ; e, Alg. 8

Input :

X, V, ¢, 1, j, X_move, Dia_move

Output :
X, V, 1, j, X_move, Dia_move
begin
if (x = ¢) then {the current node is on the right edge}
Algorithm Move_Along_Y {so the moving is vertically turned}
else {the horizontal moving is legal}
X «— x + 1 {define the new node's location}
i« i+ 1 {keep going}
X move « .false. {horizontal moving is changed vertically next time}
Dia _move <« .true. {the moving direction is turned to be diagonal}
return
end;
Algorithm Move_Along_Y (x, y, ¢, i, j, X _move, Dia _move) ; ..........e...... Alg. 9

Input: x,y,c,1,j, X move, Dia_move

Output: x,y,1,j, X move, Dia_move

begin

if (y = c¢) then {the current node is on the upper edge}
Algorithm Move_Along_X {so the moving is horizontally turned}

else {the vertical moving is legal}
y «— vy + 1 {define the new node's location}
i« 1+ 1 {keep going}
X move <« .true. {vertical moving is changed horizontally next time}
Dia _move « .true. {the moving direction is turned to be diagonal}
return

end;
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Algorithm Move Along_Dia (x, y, ¢, i, j, Dia _up, Dia _move, X move) ; .. Alg. 10

Input: x,y,c,1,j, Dia_up, Dia_ move, X move

Output: x,y,1,j, Dia up, Dia move, X move

begin
if Dia_up then {the moving direction is along diagonal upward}
if (x = 1) or (y = ¢) then {the current node is on the boundary}
Dia up « .false. {diagonal moving is changed downward next time}
Dia move <« .false. {the moving direction is turned to be horizontal}
if (y = ¢) then {the current node is on the upper edge}
Algorithm Move_Along_X {so the moving is horizontally turned}
else {the current node is on the left edge}
Algorithm Move_Along_Y {so the moving is vertically turned}
else {the upward diagonal moving is legal}
X «— x - 1 {define the new node's location}
ye—ytl
i—itl1 {keep going}
else {the moving direction is along diagonal downward}
if (y = 1) or (x = ¢) then {the current node is on the boundary}
Dia up « .true. {diagonal moving is changed upward next time}
Dia move <« .false. {the moving direction is turned to be horizontal}
if (y = 1) then {the current node is on the lower edge}
Algorithm Move_Along_X {so the moving is horizontally turned}
else {the current node is on the right edge}
Algorithm Move_Along_Y {so the moving is vertically turned}
else {the downward diagonal moving is legal}
X <« x + 1 {define the new node's location}
ye—ytl
i« 1+ 1 {keep going}
return
end;
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